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1. Suppose that a, b, c are positive real numbers, prove that 
ee a ee 3V2 
Verte VP+R Ver+a? 2 


T 
2. If a,b,c are nonnegative real numbers, no two of which are zero, then 


2 a? ; b? oa a f b f \ > 4( a ae ays 
b+e' ct+ta atb se =e 
a? BR ee? < 3a? +? +0’) 
a+b b+e c+ta™~ 2a+b+c) 
3. For all reals a, b and c prove that: 


S“(a—b)(a—c) § a?(a—b)(a— ce) > (> a(a— b)(a— 0) 


cyc cyc cyc 


A. Let a, b and c are non-negatives such that a+b+c+ab+ac+bc=6. 
Prove that: 


4(a+b+c)+abe> 13 


5. Let a, b and c are non-negatives. Prove that: 
(a? +b? — 2c?) \/c2 + abt (a? +c? — 2b?) /b? + act (b? +c? — 2a?) a? + be <0 


6. If a,b,c are nonnegative real numbers, then 


S> ay/3a? + 5(ab + be + ca) > V2(a +b +4 c)?; 


cyc 


S/ ay/2a(a +b +c) + 3be > (a+b+c)*: 


cyc 


N° ay/5a? + 9be + 1la(b +c) > Aat+b+e)?. 


cyc 
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7. If a,b,c are nonnegative real numbers, then 


S¢ ay/2(a? + b2 + c2) + 3be > (a +b+c)*; 


cyc 


S- av/4a? + 5be + 5bc > (a+b+4+c)?. 


cyc 


8. If a,b,c are nonnegative real numbers, then 


S¢ avab + 2be + ca > 2(ab+ be + ca); 


cyc 
Sava? + 4b? + Ac? > ( a+b-+c)? 
cyc 


9. If a,b,c are nonnegative real numbers, then 


> /a(b + c)(a? + bc) > 2(ab + be + ca) 


10. If a,b,c are positive real numbers such that ab + bce + ca = 38, then 


S° Vala st b)(a +e) > 6; 


cyc 


S> Va(4a + 5b)(4a + 5c) > 27. 


cyc 


11. If a,b,c are nonnegative real numbers, then 


ava + b)(a +c) > 2(ab + be + ca); 


a ay/(a + 2b)(a + 2c) > 3(ab + be + ca); 
SS ay/(a + 3b)(a + 3c) > 4(ab + be + ca). 


12. If a,b,c are nonnegative real numbers, then 


S| ay/(2a + b)(2a + ) > (a+6+c)’; 


Sv ay/(atb)(ate) > 


a ay/(4a + 5b) (4a + 5c) > 8(a+b4+0)?. 


cyc 


(atbt+e); 


wile 


13. If a,b,c are positive real numbers, then 


a+b? +c+abe+8>4(a+b+0); 


a? +b? +3 + 3abe+ 12 > 6(a +b 40); 


4(a® + b? + c3) + 15abe + 54 > 27(a+b+0). 


14. If a,b,c are positive real numbers, then 


a b a Cc <1; 
V4a? + 3ab+ 202 -/4b2 4+ 3bc+20 =e? + 8ca + 2a? 
a b c 
e ae <1; 
Vda? + 2ab +302 4027 4 2004302 =—9 V4? 4 2a + 3a? 
a b c 


+ + <1 
Vda? + ab+4b2 4b? 4 bc +42 Vdc? + ca + 4a? 
The last is a known inequality. 


15. If a,b,c are positive real numbers, then 


a 


b 


Cc 


1 
=p b 


bo c¢ b a 
+-+4+->2,/1+-+-4-. 
c a a c 


16. Let x,y, z be real numbers such that «+ y+z=0. Find the maximum 


value of 
YZ Za xy 


B= ge) ye ge 
17. If a.b.c are distinct real numbers, then 
ab be ca 1 


(C= ah C= ae Ce 


18. If a and b are nonnegative real numbers such that a + b = 2, then 


a“b? + ab > 2; 
a*b? + 3ab < 4; 
a®b® + 2 > 3ab. 


19. Let a,b,c,d and k be positive real numbers such that 


| ey: een 
b —~+—=4-4-)=k 
(a+ ae a hee te) 


Find the range of & such that any three of a,b,c,d are triangle side-lengths. 


20. If a,b,c, d,e are positive real numbers such that a+b+c+d+e=5, 
then 
1 1 1 1 1 141 1 1 =1 ~=21 


t t t t +9 > t t , 
d2—e? eras b cl Ud 2 


21. Let a, b and c are non-negatives such that ab+ ac+ bc = 3. Prove that: 


a b Cc aie he <2 
t t abe ; 
a+b b+c cta 2 a 


22. Let a, b, c and d are positive numbers such that a+ + b4 + c4 + d+ = 4. 
Prove that: 
a bP @ BP i 
} + >A. 
be cd da i ab ~ 


23. Let a>b>c>0 Prove that: 


(a — 6)? + (b—c)° + (c— a) < 0; 
S \(5a? + 1lab + 5b”)(a — b)” <0. 
cyc 

24. Let a, b and c are positive numbers. Prove that: 


a io b a Cc Z 3 
a*+be b?+ac c+ab~ 2Wabe 


25. Let a, b and c are positive numbers. Prove that: 


a es ea? 15. 
c a b Vabe 


26. Let a, b and © are non-negative numbers. Prove that: 


9a7b*c? + ab? + a2c? + b?c? — A(ab + ac + bc) + 2(a+b+c) > 0. 


27. Let a,b,c,d be nonnegative real numbers such that a > b > c > d and 
3(? +b +07 +d’) =(at+b+e4+d). 


Prove that 
a < 30; 
< 4c; 
b< (2+ V38)ec. 


28. If a,b,c are nonnegative real numbers, no two of which are zero, then 


be ca ab a? +07 + c? 
+ < ; 
2a2+ be 2b2+ca 2c? +ab7 ab+be+ca 


2be 2ca 2ab a? +b? +c? 
! + + = 
a2+2be 02 +2ca c2+2ab) ab+be+ca 


29. Let aj, a2,...,@, be real numbers sucht that 


Oia ae 2 = 1 = 4/1 Ty, a, +agt+...+an =n. 


Prove that 
1 1 1 n 


| 
Cr. eat az+17~ 2° 


30. Let a,b,c be nonnegative real numbers such that a+b+c=3. 
For given real p 4 —2, find q such that the inequality holds 
1 1 1 3 
my < , 
a+pat+q b&+pb+q cC+pe+q™ 1l+p+q 
with two equality cases. 
Some particular cases: 


1 1 1 1 
@itatib’ P+WLIS @+2e+ 15 ~ 6? 


3. 
29: 


with equality fora = 0 and b=c= 


1 1 1 1 
< . 
Ba? + 8a +65 | 862485465 - 8c? + 8¢ +65 ~— 27’ 


with equality for a= 3 andb=c= + 


1 1 1 1 
<5 
8a2—8a+9 8b2—8b+9 8c?—8c+97 3 


T 
with equality for a= 3 andb=c= 3. 


1 | 1 | 1 1. 
8a? — 24a + 25 


' 862 —24b4+25 ' 8c? —24c4+25 — 3’ 
with equality for a = 4 andb=c= 3: 
1 fe 1 1 1 
2a2 —8a+15 ° 2b2?-8b+15 °° 2c? —8c+15- 3’ 
with equality for a= 3 andb=c=0. 


31. If a,b,c are the side-lengths of a triangle, then 


a?(b +c) + be(b? + c*) > a(b? + c?). 


32. Find the minimum value of k > 0 such that 


a b c e 9 
a2+kbe | b? +kea c2 + kab ~ (1+ k)(atb+o)’ 


for any positive a,b,c. See the nice case k = 8. 


Note. Actually, this inequality (with a,b,c replaced by +, +, 4 


~,%)<) is known. 
33. If a,b,c,d are nonnegative real numbers such that 
atb+ct+d=4, @40?4+7°4+e¢ =7, 
then 
a+ +0+d < 16. 
34. Ifa >b>c>0, then 


64(a — b)? 
bLe= ake SS 
at+tb+c—38 abe = Fa + 24b)’ 


25(b —c)? 
bea 3 abe > 
a+to+ec ae = 735 + Io) 
35. Ifa >b>0, then 
a—b 


qe < he 


ar 
36. If a,b € (0, 1], then 


qe-4 of pe < 9. 


37. If a,b,c are positive real numbers such that a+ 6+ c = 3, then 


24 1 


> 9. 
a2b4+ b?e4+ ca e abc — 


38. Let x,y, z be positive real numbers belonging to the interval [a, b]. Find 
the best M (which does not depend on x, y, z) such that 


atyt+2z2<3M V/cyz. 
39. Let a and b be nonnegative real numbers. Prove that 


—b 
2a7 +67 =2a+b>1 ab > : 


a? + b9 = 2 3(a* + b*) + 2a*b* <8. 


4O. Let a, b and c are non-negative numbers. Prove that: 


a+b+c+Vab+ fact Vbe+ Wabe x (eee 
6 as 24 : 


41. Let a, 6, c and d are non-negative numbers such that 


abc + abd + acd + bed = 4. 


Prove that: 
1 1 1 1 3 7 
~ | + < 
at+b+c atb+d at+c+d b+c+d a+b+ct+d 12 


42. Let a, b, c and d are positive numbers such that 
ab+ac+ad+bc+bd+cd=6. 


Prove that: 


1 a 1 1 % 1 a 
atb+c+1  atb+d+1  atetd+1 b+ce+d4+17— 


43. Let x > 0. Prove without calculus: 
(e* —1)n(1+ x) > 2’. 
44. Let a, 6 and c are positive numbers. Prove that: 


a bee 24 W/abe 
+-+-4 > 
b ec a atb+e 


45. For all [b]reals[/b] a, b and c such that )>..(a? + 5ab) > 0 prove that: 


uel 
(at+b+c)® > 36(a+ b)(a+c)(b + c)abe. 
The equality holds also when a, b and c are roots of the equation: 
22° — 6x? — 62 +9 =0. 


46. Let a, b and c are non-negative numbers such that ab + ac+ bc £ 0. 
Prove that: 


(a+b)? (b+ c)? (c+a)* 3 
a2 + 3ab+4b2 © b2 + 3bce+ 4c2 © c2 +3ca+4a2 ~ 2° 


47. a, b and c are [bjreal[/b] numbers such that a + 6+ c = 3. Prove that: 


1 ik 1 1 
<i. 
(a+b)?+14 (b+c)?+14 (c+a)?+147 6 


48. Let a, b and c are [b]real[/b] numbers such that a+6+c= 1. 


Prove that: 
a b c 9 


| < : 
az +1 Pa “ead 10 
49. Let a, b and © are positive numbers such that 4abe =a+b4+c+1. 


Prove that: 


2 2 2, 2 2 2 
ESE +8 ere 35g? 4). 
a (G 


50. Let a, b and c are positive numbers. Prove that: 


Te ea : ee or 
a+b+a(s45 5) S14 afer ve rey(h4 b+ 3) v0 


51. Let a, 6 and c are positive numbers. Prove that: 


ae. be. a4 es 37(a? + b? +c”) — 19(ab + ac + bc) 
b Cn. -*G 6(a + b+ ¢) 


52. Let a, b and c are positive numbers such that abc = 1. Prove that 


Hs 5. . a ah Wel 2 sb 
> ~+—=+-)}. 
atR 5) +482 Tla+b+9 (247 ) 


ae+e+e4 1( 


53. Let a, b and c are non-negative numbers such that ab + ac+ be = 3. 
Prove that: 


Dis ol ag el oe 
Ife? Te 142 > 2 
1 x = Ds 
24+3a32 24303 243c3 7 5’ 


1 Wg ete - 3 

34+5a4 3+5b4 34+5c* 7 8 

54. Let a, b and © are non-negative numbers such that ab + ac+ bc £ 0. 
Prove that 


a+b+ce a % b , c e+e+e 
abtactbe~ b?+bc+2  a@tacte | a®+abtb? — a2b? +022 +02" 


55. Let a, b and ¢ are non-negative numbers such that ab + ac+ be = 3. 
Prove that 
a+b+c s yaa 

3 ~ 3 ; 


a+b+e _ ae 
3 ms 3 
56. Let a, b and ¢ are non-negative numbers. Prove that 


(a? +b? +7)? > 4(a —b)(b—c)(c—a)(a +b +c). 


57. Let a, b and ¢ are non-negative numbers. Prove that: 


(a+b+c)® > 128(a°b? + a®c? + b°a? + b°c? + cPa? + 075°). 


58. Let a, b and c are positive numbers. Prove that 


a? — bc . b? — ac C2 —ab 
Ba+b+e 8b+ate B8ctatb~ — 


It seems that the inequality 
3 
S- a bed > 0 
es 7at+b+c4+d 


is also true for positive a, b, c and d. 


59. Let a, b and c are non-negative numbers such that ab + ac + bc = 3. 
Prove that: 
a? +b? +c? + 3abc > 6. 


at + 64 + c+ + 15abe > 18. 


60. Let a, 6 and ¢ are positive numbers such that abc = 1. Prove that 
a’b+ be4+ ca > /3(a? + b? 4 c?). 


61. Let a, b and c are non-negative numbers such that ab + ac+ bc # 0. 
Prove that: 


1 1 1 81 
+ 
a® + 3abc + b8 = a? + 3abe + 3 2 b3 + 38abe +c? ~ 5(a+b+c)3 


62. Let ma, mp and m, are medians of triangle with sides lengths a, b,c. 
Prove that 


3 
Ma tmp + Me > 5 V 2(ab tac + be) — a? — b? — c?. 
63. Let a, b and c are positive numbers. Prove that: 


atb+e a? is b? fn C2 
9%abc ~~ 4024+5be 462+ 5ca  4c2 + 5ab’ 


64. Let {a,b,c,d} C [1,2]. Prove that 


16(a? + b?)(b? + c?)(c? + d?\(@ + a”) < 25(ac + bd)’. 


65. Let a, b and c are positive numbers. Prove that 


2 pe 2 
Yveoonr + b* + c*) — ab—ac be 
3(a+b+c) 


cyc 


66. Let a, b and c are non-negative numbers. Prove that: 


S > /2(a? + 82) > ‘i S “(a +). 


cyc cyc 


67. Let a, b and c are positive numbers. Prove that: 


T T 
Cc a 


ab. [4 ee) 
= ab + be + ca 


68. Let a, 6, c, d and e are non-negative numbers. Prove that 


(erberoer serosa”. (ctbeendts 
32 = 5 


125 
) (abcde). 


69. Let a, 6 and c are positive numbers. Prove that 


FN © 
a@btar?ctbatb?c+ Cat cb > 6| ———— } abc. 
ab + ac+ be 


70. Let a, b and ¢ are non-negative numbers such that a? + 6? + c3? = 3. 
Prove that 
(a + b?c”)(b + a2c*)(c + ab?) > 8a7b7c?. 


71. Given real different numbers a, b and c. Prove that: 


(a? + b? + c? — ab — be — ca)? 1 1 1 405 
(a—b)(— cea) (im )< 


When the equality occurs? 


72. Letx #1,yA1 and a1 such that zyz = 1. Prove that: 


qe y? 72 
T T 


Cy ey ey 


When the equality occurs? 
73. Let a, b, and c are non-negative numbers such that a+b+c=3. 
Prove that: 


a’ +b? +c° +6 > 3(a? + 6° +.c*). 


74.a>1,b>1andc> 1. Find the minimal value of the expression: 


cta-2 


10 


75. For all non-negative a, b and c prove that: 


(ab — c’)(a+b—c)? + (ac—b’)(a+e—b)* + (be—-a?)(b+c—a)? >0 


76. Let a, b, c and d are positive numbers such that at + b4 + c++ d4 = 4. 
Prove that 


b c d = a” 
Remark. This inequality is not true for the condition a® + b° +c? +d° = 4. 


siti ed nape cD a I 
77. Let a, b and c are positive numbers such that Jz + Ws + Tees 3. 


b 
Prove that 
1 1 1 3 
f < 


ay eee b+e7 2 
78. Let a, b and c are positive numbers such that abc = 1. Prove that: 


: 1 1 
b+c)> > 63 
FP rO)-2 (aera t masters) 


79. Let a, b and ¢ are positive numbers such that 


ab + ac+ be 


5 , a+b+c=3. 


max{ab, bc, ca} < 
Prove that 
a? +07 +2 > a2b? + 0?C? + C2 a?. 
80. Let a, b and c are positive numbers such that a+ b+ c = 3. Prove that: 
as b? , om 3 
3a+b2 | 3b4+c | 38c+a2~ 4 


81. Let a, b and c are non-negative numbers and k > 2. Prove that 


V 2a? + bab + 2b? + V/2a? + Bac + 2c2 + /2b2 + Bbe + 2c? < B(a +b +0); 


s Va? + kab +b? < \/4(a? + 6? + c2) + (3k + 2)(ab + ac + be). 
cyc 
82. Let x, y and z are non-negative numbers such that x? + y? + 27 =3. 
Prove that: 
x y z 


+ Ss 
Vetytze Vetytz Vatyt2 


83. Let a, b and c are non-negative numbers such that a+ b+ c= 3. 


Prove that 
a+b ate b+e ooo 


GEO aero) et — 5O 
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84. If x,y,z be positive reals, then 


x Vg ey (a 
vity Wyte Vzta~ 4 


85. For positive numbers a, b, c, d, e, f and g prove that: 


a+b+c+d , ct+dt+e+f e+fta+tb 


at+b+c+d+ft+g ct+d+e fHbig en fee b+dt+g 


86. Let a, b and c are non-negative numbers. Prove that: 


av/4a2 + 5b? + by/4b? + 5c? + ev/4e2 + 5a? > (a+b +0). 
87. Let a, b and c are positive numbers. Prove that: 


ab ¢ , (4V¥2~3)(ab+ ac + be) > 4/2. 
boc a a? + b? +c? 


88. Let a, b and c are non-negative numbers such, that at + b4 + ct = 3. 
Prove that: 
ab+bc+ea <3. 


89. Let a and 6 are positive numbers, n € N. Prove that: 
(n+1)(a"t! + b"+") > (a + b)(a”™ + a” “1b +--+. +b"). 
90. Find the maximal a, for which the following inequality 
a®b + bc + a+ aabc < 27 


holds for all non-negative a, b and c such that a+b+c= 4. 


91. Let a, b and c are non-negative numbers. Prove that 


o/a® + B9 + 9 ya + p10 a + cio 42 + clo 
sees : 
a] 3 7 as a 2 


92. Let a and b are positive numbers and 2— V3 < k < 2+ V3. Prove that 


(va+ ve) (Ss 3 a=) . FF 


93. Let a, 6 and c are nonnegative numbers, no two of which are zeros. 
Prove that: 


a b , c 3(a+b+c) 
b2 4+ a2 +b? — a24+02?4+2+ab+act+ be 


T T 
a2 + c2 


12 


94. Let x, y and z are positive numbers such that ry + az + yz = 1. 
Prove that 
3 3 3 3 
1—422yx 1 — 4a?yz 5 


1 — 4y2axz 


95. Let a, b and © are positive numbers such that a® + b° + c& = 3. 


Prove that: 2B 3 
(ab +a0-+00\($ +S) 20 
c 


b2 a? 


96. Let a, b and c are positive numbers. Prove that 


F a 7 Fe) b 3 c a4 
2b + 25c 2c + 25a 2a+25b ~~ 


97. Let a, b and ¢ are sides lengths of triangle. Prove that 


(a+ b)(a+c)(b+c) es (2a + b)(2b + c)(2c + a) 
8 zs 27 ; 


98. Let a, b and c are non-negative numbers. Prove that 


a) Dar oners 5 (ee 


27 3 


99. Let a, b and c are positive numbers. Prove that 


ae b3 a 
+ 21 
b3 + (c+a)3 c+ (a+ )8 a3 + (b+ c)8 


100. Let x, y and z are non-negative numbers such that xy + «z+ yz = 9. 
Prove that 


(1+27)(1 + y?)(1 + 2?) > 64. 


END. 
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